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Let E and F be two commuting bounded Boolean algebras of projections on a
Banach space X. Various geometric conditions on X are established which ensure
that the Boolean algebra of projections generated by E and F is also bounded. In
particular, this is the case if X is a Banach lattice or a subspace of a p-concave
Banach lattice, where 1p<. Several consequences of this boundedness
property are also discussed.  1997 Academic Press
1. INTRODUCTION
When the basic theory of spectral operators was being developed, the
question arose as to whether the sum and product of two commuting
spectral operators on a Banach space X were also spectral. Building on an
earlier construction due to Kakutani [7], McCarthy [14] gave an example
to show that this was not the case in general, even when X is reflexive.
A number of positive results were also obtained. Foguel [5] showed that,
if X is weakly complete and the Boolean algebra of projections generated
by the resolutions of the identity of the two operators under consideration
is bounded, then their sum and product are indeed spectral. Furthermore,
this boundedness condition is automatically satisfied if X is a subspace of
an LP space for some p in the range 1p<. This was proved explicitly
by McCarthy [15] for subspaces of LP spaces when 2p< and for LP
spaces themselves when 1<p2, whilst the methods developed by
Littman, McCarthy and Rivie re [12] can be used to obtain the result for
subspaces of LP spaces in the full range 1p<.
The aim of the present paper is to give more general conditions on a
Banach space X which ensure that the Boolean algebra of projections
generated by any pair of commuting bounded Boolean algebras of projec-
tions on X is itself bounded. In Section 2, we show that this is the case if
X is an arbitrary Banach lattice or if X is subspace of a p-concave Banach
lattice for some finite p (Theorems (2.5) and (2.6)). It is also shown that
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a quantitative refinement of this property in fact characterizes p-concave
Banach lattices within the class of all Banach lattices (Theorem (2.10)). These
results imply that a number of other classes of Banach spaces also have this
boundedness property for Boolean algebras of projections. In the final section
of paper, two applications of the boundedness property discussed in Section 2
are given. One of these involves multiplicative representations of C(K) spaces,
whilst the other is concerned with the original motivating question about sums
and products of spectral operators.
Throughout the paper all Banach spaces considered will be over the
complex scalars C. In particular, we shall consider complex Banach lattices
which are, by definition, obtained by complexifying real Banach lattices
(see [11], p. 43). If W is a complex Banach lattice, we write W0=Re W to
indicate that W has been obtained by complexifying the real Banach lattice
W0 and denote by Re w and Im w the real and imaginary parts of w # W
relative to this complexification. Given a Banach space X, L(X) denotes the
algebra of all bounded linear operators on X, X* is the dual space of X and
I is the identity operator on X. If E is a bounded Boolean algebra of
projections on X, &E& denotes sup [&E& : E # E] and E*=[E*: E # E].
Likewise, if G( } ) is a bounded spectral measure defined on an algebra 7
of sets, then &G& denotes sup [&G(_)& : _ # 7]. The Boolean algebra of
projections generated by two commuting Boolean algebras of projections E
and F on X is denoted by E 6 F. General background information on
Boolean algebras of projections and spectral operators can be found in
[2] and [3]. Finally, the term ‘‘subspace’’ will as usual be used as an
abbreviation for ‘‘closed subspace’’ when convenient.
2. THE MAIN BOUNDEDNESS RESULTS
In this section, we shall establish various geometric conditions on a
Banach space X which ensure that, if E and F are two commuting bounded
Boolean algebra of projections on X, then the Boolean algebra of projections
generated by E and F is also bounded.
To set the scene, recall the two-dimensional Khintchine inequality
(2.1) \ :
m
j=1
:
n
k=1
|cjk | 2+
12
A |
1
0
|
1
0 } :
m
j=1
:
n
k=1
cjk rj (s) rk(t)} ds dt
for complex scalars cjk , where [rj] are the Rademacher functions and the
constant A is independent of m and n. Although not crucial to our results,
it is worth noting that the best value of the corresponding constant in the
one-dimensional version of the inequality is - 2 [21, Theorem 1 and the
remark following Theorem 1b], from which it follows that the best
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constant in (2.1) is 2. To see this, put gk(s)=mj=1 cjkrj (s) and argue as in
[21, p. 205] that
|
1
0
|
1
0 } :
m
j=1
:
n
k=1
cjk rj (s) rk(t) } ds dt=|
1
0
|
1
0 } :
n
k=1
gk(s) rk(t)} ds dt

1
- 2 |
1
0 { :
n
k=1
| gk(s)| 2=
12
ds

1
- 2 { :
n
k=1 {|
1
0
| gk(s)| ds=
2
=
12

1
2 \ :
m
j=1
:
n
k=1
|cjk | 2+
12
,
where the one-dimensional inequality has been applied twice.
We shall also need the functional calculus which associates to each
n-tuple x1 , ..., xn in a real Banach lattice E and each continuous positively
homogeneous function f : Rn  R of degree one a well-defined element
f (x1 , ..., xn) of E (see [11, pp. 4043]). Thus, if w1 , ..., wn are elements
in a complex Banach lattice W, then w=(|w1 | 2+ } } } +|wn | 2)12 is an
element of Re W. Notice that there are strictly two possible interpretations
of the definition of w, either as f ( |w1 |, ..., |wn | ) where f (t1 , ..., tn)=
(t21+ } } } +t
2
n)
12 or as g(u1 , v1 , ..., un , vn), where wj=uj+ivj with uj ,
vj # Re W and
g(s1 , t1 , ..., sn , tn)=(s21+t
2
1+ } } } +s
2
n+t
2
n)
12.
However, it is straightforward to verify that these two interpretations
coincide. We shall need the version of the CauchySchwarz inequality
appropriate to this situation, namely
(2.2) } :
n
j=1
.j (wj)}(w)
for w1 , ..., wn # W and .1 , ..., .n # W*, where w=(|w1 | 2+ } } } +|wn | 2)12
and =(|.1 | 2+ } } } +|.n | 2)12. This is an easy consequence of the corre-
sponding inequality for real Banach lattices [11, 1.d.2].
Inequality (2.1) takes the following form in a complex Banach lattice.
(2.3) Lemma. Let wjk be elements of a complex Banach lattice W for
1 jm, 1kn. Then
"\ :
m
j=1
:
n
k=1
|wjk | 2+
12
"2 |
1
0
|
1
0 " :
m
j=1
:
n
k=1
rj (s) rk(t) wjk" ds dt.
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Proof. Consider (2.1) with A=2 as an inequality between two
positively 1-homogeneous functions of the 2mn real variables Re cjk and
Im cjk . Using the monotonicity of the functional calculus in real Banach
lattices, we can therefore replace Re cjk with Re wjk and Im cjk with Im wjk
to deduce that
\ :
m
j=1
:
n
k=1
|wjk | 2+
12
2 |
1
0
|
1
0 } :
m
j=1
:
n
k=1
rj (s) rk(t) wjk } ds dt.
Since both sides of this inequality are positive elements of Re W, we have
"\ :
m
j=1
:
n
k=1
|wjk | 2+
12
"2 "|
1
0
|
1
0 } :
m
j=1
:
n
k=1
rj (s) rk(t) wjk } ds dt"
2 |
1
0
|
1
0 " :
m
j=1
:
n
k=1
rj (s) rk(t) wjk" ds dt.
Throughout the remainder of this section, E and F are commuting
bounded Boolean algebras of projections on a Banach space X.
(2.4) Lemma. Let E1 , ..., Em be mutually disjoint elements of E, let
F1 , ..., Fn be mutally disjoint elements of F, and let x # X.
(i) If X is a subspace of a complex Banach lattice W, then
"\ :
m
j=1
:
n
k=1
|EjFkx| 2+
12
"W8 &E& &F& &x&X .
(ii) If X is a complex Banach lattice and mj=1 Ej=
n
k=1 Fk=I, then
&x&X8 &E& &F& "\ :
m
j=1
:
n
k=1
|EjFk x| 2+
12
"X .
Proof. For 0s, t1, &mj=1 rj (s) Ej &2 &E& and &mk=1 rk(t) Fk&
2 &F&. Taking wjk=EjFkx in Lemma (2.3) and noting that
mj=1 
n
k=1 rj (s) rk(t) wjk then equals (
m
j=1 rj (s) Ej)(
m
k=1 rk(t) Fk) x, we
immediately obtain (i). For (ii), assume that X itself is a Banach lattice and
that 7Ej=7Fk=I. Let . # X*, xjk=EjFk x and .jk=E j*F k*.. Then x=
mj=1 
n
k=1 xjk , .=
m
j=1 
n
k=1 .jk , and .jk(xj $k$=0 if j{j $ or k{k$). Let
w=(mj=1 
n
k=1 |xjk |
2)12 # X and =(mj=1 
n
k=1 |.jk |
2)12 # X*. Then
(2.2) and the result of (i) applied to E*, F* in X* give
73BOOLEAN ALGEBRAS OF PROJECTIONS
File: 580J 301505 . By:CV . Date:14:07:01 . Time:03:10 LOP8M. V8.0. Page 01:01
Codes: 2368 Signs: 1148 . Length: 45 pic 0 pts, 190 mm
|.(x)|= } :
m
j=1
:
n
k=1
.jk(xjk)}(w)
8 &E*& &F*& &.& &w&
=8 &E& &F& &.& "\ :
m
j=1
:
n
k=1
|EjFkx| 2+
12
"X .
Result (ii) now follows.
(2.5) Theorem. Let X be a complex Banach lattice. Then the Boolean
algebra of projections E 6 F generated by E and F is bounded. Furthermore
&E 6 F&
(26+1)
2
&E&2 &F&2.
Proof. A typical element of E 6F has the form
G= :
m
j=1
:
n
k=1
=jkEjFk ,
where E1 , ..., Em are mutually disjoint elements of E, F1 , ..., Fn are mutually
disjoint elements of F, 7Ej=7Fk=I, and each =jk equals 0 or 1. Then
2G&I= :
m
j=1
:
n
k=1
’jkEjFk ,
where each ’jk equals \1. The results of Lemma (2.4) imply that
&(2G&I ) x&8 &E& &F& "\ :
m
j=1
:
n
k=1
|Ej Fk(2G&I ) x| 2+
12
"
=8 &E& &F& "\ :
m
j=1
:
n
k=1
|Ej Fkx| 2+
12
"
64 &E&2 &F&2 &x&
for all x # X. This gives the required result.
As mentioned earlier, Kakutani [7] gave an example of two commuting
bounded Boolean algebras of projections on a Banach space which generate
an unbounded Boolean algebra of projections Since every Banach space is
isomorphic to a subspace of a C(K) space, it follows that Theorem (2.5)
does not extend to arbitrary subspaces of Banach lattices. However, it does
extend to subspaces of Banach lattices which are p-concave for some p in
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the range 1p<. Recall that a Banach lattice W is p-concave if there is
a constant M< such that
\ :
n
k=1
&wj& p+
1p
M "\ :
n
k=1
|wj | p+
1p
"
for all finite sequences w1 , ..., wn in W. The least possible constant M is
called the p-concavity constant of W; we shall denote it by Mp(W). This
notion is usually applied to real Banach lattices, but the definition applies
equally well to complex Banach lattices. It is clear that a complex Banach
lattice W is p-concave if and only if Re W is p-concave and, when both
lattices are p-concave, Mp(W)=Mp(Re W). Also, if W is an L p space,
where 1p<, then W is p-concave with p-concavity constant 1.
(2.6) Theorem. Let 1p< and let X be a closed subspace of a
p-concave complex Banach lattice W. Then the Boolean algebra of projec-
tions E 6 F generated by E and F is bounded. Furthermore,
&E 6 F&:pMp(W)&E&2 &F&2,
where :p is a constant which depends on p but not on W.
Proof. An inequality of Maurey gives
|
1
0
|
1
0 " :
m
j=1
:
n
k=1
rj (s) rk(t) wjk"W ds dtMp(W) Bp "\ :
m
j=1
:
n
k=1
|wjk | 2+
12
"W
for every finite double sequence [wjk] in W, where Bp is the constant in the
scalar Khintchine inequality
\|
1
0
|
1
0 } :
m
j=1
:
n
k=1
cjkrj (s) rk(t)}
p
ds dt+
1p
Bp \ :
m
j=1
:
n
k=1
|cjk | 2+
12
.
(See [11, 1.d.6], but adapt the proof to the present context of double
sequences.) Now let E1 , ..., Em be mutually disjoint elements of E and
F1 , ..., Fn mutually disjoint elements of F such that 7Ej=7Fk=I. For
x # X and 0s, t1,
x=\ :
m
j=1
:
n
k=1
rj (s) rk(t) EjFk+
2
x
=\ :
m
j=1
rj (s) Ej +\ :
n
k=1
rk(t) Fk+\ :
m
j=1
:
n
k=1
rj (s) rk(t) EjFk+ x
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and so
(2.7) &x&4 &E& &F& "\ :
m
j=1
:
n
k=1
rj (s) rk(t) EjFkx+" .
Integrating (2.7) with respect to s and t, and applying the above inequality
of Maurey with wjk=EjFkx, we obtain
(2.8) &x&4 &E& &F& Mp(W) Bp "\ :
m
j=1
:
n
k=1
|EjFkx| 2+
12
"W
for x # X. Replacing the inequality of Lemma (2.4)(ii) in the proof of
Theorem (2.5) by (2.8), the present result follows. The constant :p can be
taken to be 2&1(25Bp+1).
Theorems (2.5) and (2.6) readily imply similar boundedness results for
other related classes of Banach spaces as follows. The basic theory of Lp
spaces can be found in [9] and [10], whilst the notion of local uncondi-
tional structure (l.u.st.) which we take is that introduced in [6]. As the
proof we give below indicates, the result of Theorem (2.9)(i) is essentially
known (combine the results of [12] and [15] mentioned earlier with the
basic structural properties of Lp spaces) whilst (ii) is stated explicitly in
[17, Theorem 3].
(2.9) Theorem. Let E and F be commuting bounded Boolean algebras
of projections on a Banach space X. Then the Boolean algebra E 6 F is
bounded and satisfies
&E 6F&:X &E&2 &F&2,
where :X is a constant depending only on X, in each of the following cases.
(i) X is a subspace of an Lp space for some p in the range 1p<.
(ii) X is a complemented subspace of an L space.
(iii) X has l.u.st.
Proof. (i) follows from Theorem (2.6) and the fact that every Lp space
is isomorphic to a subspace of an L p(+) space ([9, Section 7], [10,
Theorem 1]), whilst (ii)) follows from (i) and the fact that the dual of an
L space is an L1 space ([10, Theorem III(a)]. Alternatively, use the
result of [9, p. 299, Corollary 8] as in the proof [17, Theorem 3]. Finally,
(iii) follows Theorem (2.5) and the result that, if X has l.u.st., then X**
is isomorphic to a complemented subspace of a Banach lattice [4,
Remark (2.3)] or [20, Theorem 8.11]. Here we use the easy fact that
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Theorem (2.5) extends to a complemented subspace X of a Banach lattice
W, although in that case the bound for &E 6 F& will have the form
:X &E&2 &F&2, where :X is a constant dependent on the projection
constant of X in W.
It is of some interest to note that in a sense the result of Theorem (2.6)
characterises Banach lattices which are p-concave for some p<. To see
this, recall first that McCarthy [14] gave an example of a sequence [Xn]
of finite dimensional spaces with the following property. For each n, there
are commuting Boolean algebras of projections En and Fn on Xn such that
&En&=&Fn &=1 and &En 6 Fn &   as n  . Motivated by the earlier
work of Kakutani, McCarthy took for Xn the projective tensor product of
C(Sn) with itself, where Sn is a set consisting of 2n points. A slightly simpler
example of this phenomenon is given by taking Xn to be the space of n_n
complex matrices with the l2 operator norm and En (resp. Fn) to consist of
the projections Xn  Xn which are defined by replacing a particular set of
rows (resp. columns) in a matrix by zeros. The Boolean algebra En 6 Fn
consists of those projections Xn  Xn which are defined by replacing a
particular set of entries in a matrix by zero. In particular, En 6 Fn contains
the triangular truncation projection Pn which replaces the entries below the
diagonal in a matrix by zero. It is well known that &Pn&   as n  .
For instance, the n_n Hilbert matrix An with off-diagonal entries ( j&k)&1
and zero diagonal entries satisfies &An&=0(1) and &Pn(An)&   as n  .
(2.10) Theorem. Let W be a Banach lattice and suppose that there is a
continuous function }(s, t) defined for 1s, t< with the following
property:
if X is a closed subspace of W and E, F are commuting
bounded Boolean algebras of projection on X, then E 6 F is (V)
bounded and &E 6 F&}(&E&, &F&).
Then W is p-concave for some p<.
Proof. Suppose that W is not p-concave for any finite p. Then, by [11,
Theorems 1.f.7 and 1.f.12], W contains copies of the spaces ln uniformly
for arbitrarily large n. Let Xn , En and Fn be as in the above-mentioned
example of McCarthy. Since Xn is finite dimensional, it is almost
isomorphic to a subspace of lk(n) for some k(n). Hence there are finite
dimensional subspaces Yn of W and a constant *>1 (which can in fact be
taken arbitrarily close to 1) such that d(Xn , Yn)<* for all n # N. It follows
that there are commuting Boolean algebras of projections E$n and F$n on
Yn such that &E$n&*, &F$n&* and &E$n 6 F$n &  . This contradicts
property (V).
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(2.10) Remark. A Banach lattice is p-concave for some finite p if and
only if it has non-trivial cotype and so it is natural to consider whether the
result of Theorem (2.6) is valid if the space W is only assumed to be a
Banach space of cotype q for some q<. However, it is readily seen that
this is not the case. For instance, the von Neumann-Schatten ideal Cq is of
cotype 2 if q2 [22], yet there are two commuting bounded Boolean
algebras of projections on Cq which generate an unbounded Boolean
algebra of projections provided q{2 [16].
Nevertheless, it is true that a Banach space W with the property (V) in
the statement of Theorem (2.10) is necessarily of cotype q for some finite q,
since a Banach space is of cotype q for some q< if and only if it does
not contain the spaces ln uniformly [13].
3. CONSEQUENCES OF THE BOUNDEDNESS RESULTS
We now give some consequences of the boundedness results of the
previous section. For brevity, denote by BP the class of Banach spaces X
with the property that, whenever E and F are commuting bounded
Boolean algebras of projections on X, the Boolean algebra of projections
generated by E and F is also bounded. It is clear that a complemented
subspace of a space in BP also belongs to BP and that, if X* is in BP, then
so is X. It is not clear whether the converse of this second observation is
valid.
We first consider representations of C(K) spaces.
(3.1) Theorem. Let K1 and K2 be compact Hausdorff spaces, let X be a
Banach space such that X** belongs to the class BP and, for j=1, 2, let ?j
be a (norm continuous identity-preserving) representation of the Banach
algebra C(Kj) on X. Suppose that the ranges of ?1 and ?2 commute
element-wise. Then there is a unique representation ? of C(K1 _K2) on X
such that ? | C(Kj)=?j for j=1, 2, where C(K1) and C(K2) are considered as
subalgebras of C(K1 _K2) in the natural way.
Proof. We show that there is constant C such that
(3.2) " :
n
k=1
?1( fk) ?2(gk)"C " :
n
k=1
fk gk",
for all f1 , ..., fn # C(K1) and all g1 , ..., gn # C(K2), where &nk=1 fkgk &
denotes sup[ |nk=1 fk(s) gk(t)| : s # K1 , t # K2]. Once (3.2) is established,
routine approximation and extension arguments will give the result.
78 T. A. GILLESPIE
File: 580J 301510 . By:CV . Date:14:07:01 . Time:03:10 LOP8M. V8.0. Page 01:01
Codes: 2669 Signs: 1537 . Length: 45 pic 0 pts, 190 mm
By [2, Theorem 5.21], there is a spectral measure E1( } ) defined on the
Borel subsets 71 of K1 with values in L(X*) such that
?1( f )*=|
K1
f (s) E1(ds) ( f # C(K1)).
Furthermore, if T # L(X) commutes with ?1( f ) for all f # C(K1), then
T*E1(_)=E1(_) T* for all _ # 71 . (This commutativity property is stated
for quasinilpotent T in [2], but the quasinilpotence is not needed in the
proof.) In particular, ?2(g)* E1(_)=E1(_) ?2(g)* for all _ # 71 . Similarly,
consideration of the representation g  ?2(g)* of C(K2) in L(X*) gives the
existence of a spectral measure E2( } ) defined on the Borel subsets 72 of K2
with values in L(X**) such that
?2(g)**=|
K2
g(t) E2(dt) (g # C(K2)).
Since each E1(_) commutes with each ?2(g)*, E1(_)* E2({)=E2({) E1(_)*
for all _ # 71 and { # 72 . It is readily seen that &E1&&?1& and &E2 &
&?2&. For bounded Borel functions . : K1  C and  : K2  C, define
?~ 1(.)= .(s) E1(ds) # L(X*) and ?~ 2()= (t) E2(dt) # L(X**).
Since E1( } )* commutes with E2( } ), there is a finitely additive spectral
measure G( } ) defined on the algebra generated by the Borel rectangles in
K1_K2 such that G(__{)=E1(_)* E2({) for all _ # 71 and { # 72 . Since
X** belongs to the class BP, G( } ) is bounded. Also,
?~ 1(.)*=||
K1_K2
.(s) G(ds_dt) and ?~ 2()=||
K 1_K2
(t) G(ds_dt)
for simple Borel functions . : K1  C and  : K2  C.
Now let .j : K1  C and j : K2  C be simple Borel functions for
1 jn and let #(s, t)=.1(s) 1(t)+ } } } +.n(s) n(t). Then
:
n
j=1
?~ 1(.j)* ?~ 2(j)= :
n
j=1 \||K1_K2 .j(s) G(ds_dt)+\||K1_K2 j (t) G(ds_dt)+
=||
K1_K2
#(s, t) G(ds_dt)
and hence
" :
n
j=1
?~ 1(.j)* ?~ 2(j)"4 &G& &#& .
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By approximating continuous functions uniformly by simple Borel functions,
it follows immediately that
" :
n
j=1
?~ 1( fj)* ?~ 2(gj)"4 &G& " :
n
k=1
fkgk"
for f1 , ..., fn # C(K1) and g1 , ..., gn # C(K2). Since ?~ 1( fj)*=?1( fj)** and
?~ 2(gj)=?2(gj)** for continuous fj and gj , (3.2) follows and the theorem is
proved.
(3.3) Remarks. (a) Theorem (3.1) applies when X is a Banach lattice
by the result of Theorem (2.5), since the dual of a Banach lattice is again
a Banach lattice and so belongs to BP. Furthermore, the norm inequality
in Theorem (2.5) implies that, for commuting representations ?1 and ?2 of
C(K1) and C(K2) respectively on a Banach lattice X, the induced represen-
tation ? satisfies
&?&2(26+1) &?1 &2 &?2 &2.
(b) A Banach lattice W is p-concave if and only if W** is p-concave
and, in this case, Mp(W)=Mp(W**) [11, 1.d.4(iii)]. Thus Theorem (3.1)
also applies when X is a subspace of a p-concave Banach lattice W since
X** will then belong to BP by Theorem (2.6). In this case,
&?&:pMp(W) &?1&2 &?2&2
for some constant :p depending only on p.
We now consider the sum and product of commuting scalar-type
spectral operators on a Banach space in the class BP. Given a _-algebra 7
of subsets of a set 0 and a Banach space X, call a spectral measure defined
on 7 with values in L(X) a 7-spectral measure on X. The following result
is certainly know when the underlying Banach space is weakly complete (cf.
[19, Section 3] and [8, Theorem 9]), but is in fact valid for a slightly
wider class of Banach spaces.
(3.4) Proposition. Let X be a Banach space which does not contain an
isomorphic copy of the sequence space c0 . For j=1, 2, let Ej ( } ) be a strongly
countably additive 7j -spectral measure on X, where 7j is the _-algebra of
Borel subsets of a compact Hausdorff space 0j in which every open set is
_-compact. Suppose that E1(_) E2({)=E2({) E1(_) for all _ # 71 , { # 72 and
that the Boolean algebra of projections generated by the ranges of E1( } ) and
E2( } ) is bounded. Then there is a unique strongly countably additive spectral
measure G( } ) defined on the _-algebra 7 on 01_02 generated by the
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rectangles __{ (_ # 71 , { # 72) such that G(__{)=E1(_) E2({) for _ # 71 ,
{ # 72 .
Proof. Let 70 be the algebra of subsets of 01 _02 generated by the
rectangles __{ (_ # 71 , { # 72) and let G0( } ) be the finitely additive
spectral measure G0( } ) defined on 70 such that G0(__{)=E1(_) E2({) for
_ # 71 , { # 72 . By hypothesis,
K#sup[&G0($)& : $ # 70]<.
Furthermore, the proof of [19, Lemma 3] shows that, for each x # X,
the vector measure G0( } ) x is countably additive on 70 . (The required
regularity of the vector measures E1( } ) x and E2( } ) x follows from the
existence of Bade functionals [3, XVII.3.12 and 3.10] and the automatic
regularity of scalar Borel measures on 01 and 02 .)
We show that each such vector measure G0( } )x is strongly additive in
the sense of [1, p. 7, Definition 14]. To establish this, it must be shown
that n=1 G0($n) x converges in norm for every x # X and every disjoint
sequence [$n] in 70 . Suppose that this not the case. Then there exist x # X,
=>0 and a disjoint sequence [$n] in 70 such that &G0($n) x&= for all n.
Routine arguments then show that the map
8 : [!n]  :

n=1
!nG0($n) x
defines a linear isomorphism from c0 onto a subspace of X with &8&
4K &x& and &8&1&K=&1. This contradicts the assumption on X and so
G0( } ) is strongly additive.
It now follows by the Kluvanek extension theorem [1, p. 27, Theorem 2]
that, for each x # X, there is a unique countable additive X-valued vector
measure +x( } ) on 7 such that +x($)=G0($) x for $ # 70 . Defining
G($) x=+x($) for x # X and $ # 7, it is easily verified that G( } ) is countably
additive 7-spectral measure such that G(__{)=E1(_) E2({) for _ # 71 and
{ # 72 as required (for instance, adapt the proof of [18, Corollary (2.17)]).
Finally, the uniqueness assertion in (3.4) is clear and so the Proposition is
established.
The following result, which is usually stated for weakly complete spaces
[5], is an immediate consequence of Proposition (3.4).
(3.5) Theorem. Let X be a Banach space which does not contain an
isomorphic copy of the sequence space c0 and let T1 and T2 be commuting
scalar-type spectral operators on X. Suppose that the Boolean algebra of
projections generated by the ranges of the resolutions of the identity of T1
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and T2 is bounded. Then T1+T2 and T1T2 are scalar-type spectral
operators.
Proof. For j=1, 2, let Ej ( } ) be the resolution of the identity of Tj ,
defined on the Borel subsets 7j of the spectrum 0j of Tj . Let G( } ) be the
countably additive spectral measure obtained from E1( } ) and E2( } ) as in
Proposition (3.4), the required commutativity being assured by
[3, XV.3.7]. Then
T1+T2=|
01_02
(*++) G(d*_d+) and T1 T2=|
01_02
*+G(d*_d+).
Hence T1+T2 and T1 T2 are scalar-type spectral operators [3, XVII.2.10].
There is one situation when the hypothesis in Theorem (3.5) that X does
not contain an isomorphic copy of c0 can be omitted.
(3.6) Theorem. Let X be an arbitrary Banach space and let T1 and T2
be commuting scalar-type spectral operators on X. Suppose that the spectrum
of T1 is countable and that the Boolean algebra of projections generated by
the ranges of the resolutions of the identity of T1 and T2 is bounded. Then
T1+T2 and T1T2 are scalar-type spectral operators.
Proof. The result is clear if T1 has finite spectrum. Suppose then
that the spectrum of T1 is [*n : 1n<] and, as in the proof of
Theorem (3.5), let Ej ( } ) be the resolution of the identity of Tj for j=1, 2.
Let 7C denote the _-algebra of Borel subsets of C and G the Boolean
algebra of projections generated by the ranges of E1( } ) and E2( } ).
Note first that, for _ # 7C , the series
(3.7) :

n=1
E1([*n]) E2(_&*n)
converges in the strong operator topology. (Here, _&*n denotes the set
[*&*n : * # _].) To see this, fix x # X and write
:
m
n=k
E1([*n]) E2(_&*n) x={ :
m
n=k
E1([*n]) E2(_&*n)= :
m
n=k
E1([*n]) x.
The projection mn=k E1([*n]) E2(_&*n) belongs to G. Hence
" :
m
n=k
E1([*n]) E2(_&*n) x" &G& " :
m
n=k
E1([*n]) x" .
Since mn=1 E1([*n]) x converges to x, it now follows that (3.7) converges
strongly. Let G(_) denote the sum of (3.7). Then G( } ) is a finitely additive
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spectral measure and &G(_)&&G& for all _ # 7C . Furthermore the
countable additivity of E2( } ) ensures that G( } ) is strongly countably additive
on the range of E1([*n]) for each n. Since G( } ) is bounded and the closed
span of these ranges equals X, it follows that G( } ) is strongly countably
additive on X.
Let S be the scalar-type spectral operator C *G(d*). Then S=T1+T2
on each subspace E([*n]) X and hence on all of X. This shows that
T1+T2 is a scalar-type spectral operator. The result for T1 T2 is proved
similarly.
Finally, we list a number of situations in which the sum and product of
two commuting scalar-type spectral operators are also scalar-type spectral
operators. Result (iii) is, of course, not new (cf. the comment before the
statement of Theorem (2.9)) but we restate it here as a special case of (ii).
Likewise, (iv) was noted in [3, p. 2100] to be a consequence of the results
of [17]. We include details here for the sake of completeness.
(3.8) Theorem. Let X be a Banach space and let T1 and T2 be commuting
scalar-type spectral operators on X. Then T1+T2 and T1T2 are scalar-type
spectral operators in each of the following cases.
(i) X is a weakly complete Banach lattice.
(ii) X is a subspace of a p-concave Banach lattice, where 1p<.
(iii) X is a subspace of an Lp space, where 1p<.
(iv) X is a complemented subspace of an L space.
Proof. (i) is immediate from Theorems (2.5) and (3.5) and the fact that
a Banach lattice is weakly complete if and only if it does not contain a
copy of c0 [11, 1.c.4]. For (ii) note that a Banach lattice which is p-concave
for some finite p cannot contain a copy of c0 [11, p. 52] and then apply
Theorems (2.6) and (3.5). Part (iii) is a special case of (ii), since every Lp
space is isomorphic to a subspace of an L p space.
For (iv), let Ej ( } ) be the spectral measure of Tj for j=1, 2. By [17,
Theorem 14], the spectral measure E1( } ) is atomic and, for each x # X, the
vector measure E1( } ) x is supported on a countable set [*x, n : n1] say.
For each _ # 7C and each x # X, consider the series
(3.9) :
n1
E1([*x, n]) E2(_&*x, n) x.
The discussion of (3.7) in the proof of Theorem (3.6) shows that (3.9)
converges in norm. Denote its sum by G(_) x. As in the proof of Theorem
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(3.6), it is straightforward to show that G( } ) is a strongly countably
additive 7C-spectral measure on X and that
T1+T2=|
C
*G(d*).
Hence T1+T2 is a scalar-type spectral operator as required.
The result for T1T2 can be proved similarly or else can be deduced from
the result for sums in the standard way by writing
4T1T2=(T1+T2)2&(T1&T2)2.
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